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This paper presents some local results of a fixed point theorem proved by Walter
[W. Walter, Remarks on a paper by F. Browder, about contractions, Nonlinear Anal. 5
(1981) 21–25]. We also give a negative answer to an open question in connection with this
theorem raised by Kirk and Saliga [W.A. Kirk, L.M. Saliga, Some results on existence and
approximation in metric fixed point theory, J. Comput. Appl. Math. 113 (2000) 141–152].
At the same timewe formulate additional conditions that provide an affirmative answer to
this problem.
© 2009 Elsevier Ltd. All rights reserved.
1. Introduction and preliminaries
Let (X, d) be a metric space. For x0 ∈ X and r > 0 we denote the closed ball centered at x0 with radius r by
B˜(x0, r) = {x ∈ X : d(x, x0) ≤ r}.
For a mapping f : X → X , and x ∈ X we define the orbit starting at x by
Of (x) =
{
x, f (x), f 2(x), . . . , f n(x), . . .
}
,
where f n+1(x) = f (f n(x)) for n ≥ 0 and f 0(x) = x. The orbit starting at x and y is defined as Of (x, y) = Of (x) ∪ Of (y).
Given A ⊆ X , the diameter of A is diam(A) = supx,y∈A d(x, y).
A function ϕ : R+ → R+ is said to be a contractive gauge function (see [1]) if it is continuous, increasing and ϕ(r) < r
for every r > 0.
Walter [1] obtains a fixed point theorem that may be stated as follows.
Theorem 1.1. Let (X, d) be a complete metric space and let f : X → X be a mapping with bounded orbits. If there exists a
contractive gauge function ϕ such that
d (f (x), f (y)) ≤ ϕ (diam (Of (x, y))) for every x, y ∈ X,
then f has a unique fixed point z ∈ X and limn→∞ f n(x) = z for each x ∈ X.
Based on this result, Kirk and Saliga prove in [2] a stronger property than the well-posedness for this fixed point problem
(see [3,4]) under more particular assumptions.
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Theorem 1.2. Let (X, d) be a complete metric space and let f : X → X be a mapping with bounded orbits. If there exists α < 1
such that
d (f (x), f (y)) ≤ αdiam (Of (x, y)) for every x, y ∈ X, (1)
then f has a unique fixed point z, limn→∞ f n(x) = z for every x ∈ X and lim→0+ diam{x ∈ X : d(x, f (x)) ≤ } = 0. Moreover,
if (xn)n∈N ⊆ X then limn→∞ d(xn, f (xn)) = 0 if and only if limn→∞ d(xn, z) = 0.
Kirk and Saliga [2] also raise the questionwhether the conclusions of the above theoremstill stand in theweaker setting of
Theorem1.1. Akkouchi shows in [5] that the answer is affirmative for the particular classΦ (see [5]) consisting of continuous,
increasing functions ϕ : R+ → R+ such that the mapping r 7−→ r − ϕ(r) from R+ to R+ is strictly increasing. This means
that condition (1) in Theorem 1.2 can be replaced with
d (f (x), f (y)) ≤ ϕ (diam (Of (x, y))) for every x, y ∈ X,
for some ϕ ∈ Φ . Akkouchi [5] also remarks that a function ϕ ∈ Φ is a contractive gauge function.
In [6], the authors prove fixedpoint theorems for non-self operators. However, the paper does not include local fixedpoint
theorems for the class of mappings considered by Walter [1] in Theorem 1.1, leaving this topic open. We prove two local
results of Theorem 1.1 and provide an example which shows that the answer to the above stated open question formulated
by Kirk and Saliga in [2] is negative. We also mention some special cases where this problem has a positive answer.
2. Main results
We begin this section by giving a local variant of Theorem 1.1.
Theorem 2.1. Let (X, d) be a complete metric space, x0 ∈ X and r > 0. Suppose f : B˜(x0, r)→ X such that diam(Of (x0)) ≤ r
and there exists a contractive gauge function ϕ satisfying
d (f (x), f (y)) ≤ ϕ (diam (Of (x, y))) for all x, y ∈ Of (x0). (2)
If f has closed graph or the function x 7−→ d(x, f (x)), x ∈ B˜(x0, r) is f -orbitally lower semi-continuous (see [7]), then f has a
fixed point.
Proof. First of all we notice that condition (2) is well defined since Of (x0) ⊆ B˜(x0, r). Based on this remark we can write the
following
d
(
f p(x0), f q(x0)
) ≤ ϕ (diam (Of (x0))) for all p, q ≥ 1.
Taking the supremum with respect to p, q ≥ 1 we obtain
diam
(
Of (f (x0))
) ≤ ϕ (diam (Of (x0))) .
Now for n, p ∈ N,
d
(
f n(x0), f n+p(x0)
) ≤ ϕ (diam (Of (f n−1(x0)))) ≤ · · · ≤ ϕn (diam (Of (x0))) ≤ ϕn(r).
Because ϕ is a contractive gauge function, it is easy to see that for r > 0, limn→∞ ϕn(r) = 0. Hence, (f n(x0))n∈N is a Cauchy
sequencewhich converges to an element z ∈ B˜(x0, r). If the graph of f is closed it is clear that z is a fixed point of f . Assuming
the mapping x 7−→ d(x, f (x)), x ∈ B˜(x0, r) is f -orbitally lower semi-continuous, then
d(z, f (z)) ≤ lim inf
n→∞ d(f
n(x0), f n+1(x0)) = 0,
and so we again have that z is a fixed point for f . 
Another local result of Theorem 1.1 is the following.
Theorem 2.2. Let (X, d) be a complete metric space, x0 ∈ X, r > 0 and let f : B˜(x0, r)→ X with diam(Of (x0)) ≤ r. Suppose
there exists a contractive gauge function ϕ such that for all x, y ∈ B˜(x0, r) with Of (x) ⊆ B˜(x0, r) and Of (y) ⊆ B˜(x0, r),
d (f (x), f (y)) ≤ ϕ (diam (Of (x, y))) .
If f has closed graph or the function x 7−→ d(x, f (x)), x ∈ B˜(x0, r) is f -orbitally lower semi-continuous, then f has a unique fixed
point z and for every x ∈ X with Of (x) ⊆ B˜(x0, r), limn→∞ f n(x) = z.
Proof. As in the proof of Theorem 2.1 we can show that for every x ∈ X with Of (x) ⊆ B˜(x0, r), the sequence (f n(x))n∈N
converges to a fixed point of f . A fixed point exists because Of (x0) ⊆ B˜(x0, r).
Suppose f has two fixed points z and x∗. Then Of (z, x∗) = {z, x∗} and diam(Of (z, x∗)) = d(z, x∗). Now,
d(z, x∗) = d (f (z), f (x∗)) ≤ ϕ (diam (Of (z, x∗))) = ϕ (d(z, x∗)) .
This means that d(z, x∗) = 0 and so f has a unique fixed point. 
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Nowwe move our attention to the problem raised by Kirk and Saliga in [2] which is mentioned in the introductory part.
Remark 2.3. Let ϕ be a contractive gauge functions which is subadditive. Then ϕ ∈ Φ .
Proof. Let 0 ≤ r1 < r2. The following inequality holds
ϕ(r2) = ϕ(r2 − r1 + r1) ≤ ϕ(r2 − r1)+ ϕ(r1) < r2 − r1 + ϕ(r1).
Hence, r1−ϕ(r1) < r2−ϕ(r2)which proves that the function r 7−→ r−ϕ(r) is strictly increasing. This leads to ϕ ∈ Φ . 
Thus, using Akkouchi’s [5] result we know that for contractive gauge functions which are subadditive the answer to the
question of Kirk and Saliga [2] is positive. However, in the general case, without additional conditions the answer is negative.
The following example illustrates this.
Example 2.4. Let X = [0,∞)with the usual metric and f , ϕ : X → X ,
f (x) = ϕ(x) =
{
x/2 if x ≤ √2,
x− 1/x if x > √2.
Then f and ϕ satisfy the hypotheses in Theorem 1.1 and there exists (xn)n∈N ⊆ X such that limn→∞ |xn − f (xn)| = 0 but
(xn)n∈N does not converge 0, the unique fixed point of f .
Proof. We notice that f is well defined since for x >
√
2, x − 1/x > 0. It can be easily seen that f has bounded orbits and
diam(Of (x)) = x for each x ∈ X . The following properties can be proved
(i) ϕ(r) < r for all r > 0;
(ii) ϕ is continuous because limr→√2+(r − 1/r) =
√
2/2 = ϕ(√2);
(iii) ϕ is increasing. Indeed,
if r1 < r2 ≤
√
2,
ϕ(r1) = r1/2 < r2/2 = ϕ(r2);
if r1 ≤
√
2 < r2,
ϕ(r1) = r1/2 < r2/2 < r2/2+ (r22 − 2)/2r2 = r2 − 1/r2 = ϕ(r2);
if
√
2 ≤ r1 < r2,
ϕ(r1) = r1 − 1/r1 < r2 − 1/r2 = ϕ(r2);
(iv) |f (x)− f (y)| ≤ ϕ(diam(Of (x, y))) for every x, y ∈ [0,∞). We can suppose y ≤ x (the case y > x is treated similarly).
Then,
|f (x)− f (y)| = f (x)− f (y) ≤ f (x) = ϕ(x) = ϕ (diam (Of (x))) ≤ ϕ (diam (Of (x, y))) .
The unique fixed point of f is 0. Now take xn = n for n ∈ N. Then limn→∞ |xn− f (xn)| = limn→∞(1/n) = 0 but (xn)n∈N does
not converge to 0. 
Still, if the space X is assumed compact, the question formulated by Kirk and Saliga in [2] regarding the possibility of
weakening the assumptions in Theorem 1.2 in the sense of Theorem 1.1 has an affirmative answer.
Theorem 2.5. Let (X, d) be a compact metric space and let f : X → X. Suppose there exists a contractive gauge function ϕ such
that
d (f (x), f (y)) ≤ ϕ (diam (Of (x, y))) for all x, y ∈ X .
Then
(a) f has a unique fixed point z and limn→∞ f n(x) = z for every x ∈ X.
(b) for every sequence (xn)n∈N ⊆ X, limn→∞ d(xn, f (xn)) = 0 if and only if limn→∞ d(xn, z) = 0.
(c) lim→0+ diam{x ∈ X : d(x, f (x)) ≤ } = 0.
Proof. The first conclusion is a consequence of Theorem 1.1. This statement holds even if the compactness of the space is
replaced with completeness.
In order to prove (b) let (xn)n∈N ⊆ X , limn→∞ d(xn, f (xn)) = 0. Suppose (yn)n∈N is a subsequence of (xn)n∈N which is
convergent. We prove that it converges to z and then in view of the compactness of X we have that limn→∞ xn = z.
Since X is bounded, the sequence (diam(Of (yn)))n∈N will be bounded, so there exists (zn)n∈N a subsequence of (yn)n∈N such
that limn→∞ diam(Of (zn)) = α ≥ 0. We show that
diam
(
Of (xn)
) ≤ d (xn, f (xn))+ ϕ (diam (Of (xn))) for all n ∈ N.
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For n ∈ N,
d(xn, z) ≤ d (xn, f (xn))+ d
(
f (xn), f p(xn)
)+ d (f p(xn), z)
≤ d (xn, f (xn))+ ϕ
(
diam
(
Of (xn)
))+ d (f p(xn), z) .
Letting here p→∞we obtain
d(xn, z) ≤ d (xn, f (xn))+ ϕ
(
diam
(
Of (xn)
))
. (3)
If diam(Of (xn)) = supp,q≥1 d(f p(xn), f q(xn)) then diam(Of (xn)) ≤ ϕ(diam(Of (xn)))which means that diam(Of (xn)) = 0.
If diam(Of (xn)) = limp→∞ d(xn, f p(xn)) then
diam
(
Of (xn)
) = d(xn, z) ≤ d (xn, f (xn))+ ϕ (diam (Of (xn))) .
So there remains the situation where there exists p ≥ 1 such that diam(Of (xn)) = d(xn, f p(xn)). Then
diam
(
Of (xn)
) = d (xn, f p(xn)) ≤ d (xn, f (xn))+ d (f (xn), f p(xn)) ≤ d (xn, f (xn))+ ϕ (diam (Of (xn))) .
Thus, in each case we have shown that
diam
(
Of (xn)
) ≤ d (xn, f (xn))+ ϕ (diam (Of (xn))) .
If we apply this relation for (zn)n∈N and let n→∞we obtain α = 0. Now using (3) we have
d(zn, z) ≤ d (zn, f (zn))+ ϕ
(
diam
(
Of (zn)
))
.
Letting n→∞we obtain limn→∞ zn = z which proves that limn→∞ yn = z and we are done.
Conversely, assume limn→∞ xn = z. Using a similar argument as the above one, we can show that
diam
(
Of (xn)
) ≤ d(z, xn)+ ϕ (diam (Of (xn))) (4)
and
d (f (xn), z) ≤ ϕ
(
diam
(
Of (xn)
))
. (5)
Suppose (f (yn))n∈N is a convergent subsequence of (f (xn))n∈N. Then we can find a subsequence (zn)n∈N ⊆ (yn)n∈N such that
(diam(Of (zn)))n∈N is convergent. Using (4) we obtain that it converges to 0. Now from (5) it follows that limn→∞ f (zn) = z.
Therefore, limn→∞ f (yn) = z which shows that limn→∞ f (xn) = z. This leads to limn→∞ d(xn, f (xn)) = 0.
Statement (c) may be proved as in [2]. 
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